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Interaction between Unstable Optical
Resonator and CW Chemical Laser

HAROLD MIRELS*
The Aerospace Corporation, El Segundo, Calif.

Interaction between an unstable resonator and a cw diffusion-type chemical laser with turbulent or laminar
mixing is analyzed by means of geometric optics and a simplified chemical model. Both cylindrical 0 = 1) and
spherical (j = 2) optics are considered. The gain region is assumed to be adjacent to one of the resonator mirrors.
Laser performance is found to depend upon the parameters M, K19 £D, Co Ce» #* and y, where M is the
magnification, K1 the ratio of pumping to collisional deactivation rate, £D the normalized diffusion distance, Cc
the normalized axial location of resonator axis, £e the normalized axial length of resonator, a, the mirror
absorptivity, and y is related to the maximum possible zero power gain. Scaling laws are deduced and analytic
solutions are obtained for the limiting cases (M-l) <O and M'1 ^ 1. In the former case, the laser medium is
almost completely saturated and resonator efficiency is high. In the latter case, the radiation incident on the gain
region originates near the optical axis and is uniform. It is concluded that optimum resonator efficiency is obtained
when Cc is at the axial station where power-on gain is a maximum (other parameters being held constant).
Nonsymmetric resonators Cc/(Ce~Cc) ̂  1» in general, are required to achieve maximum output power. However,
resonator efficiency is relatively insensitive to £c location when the degree of optical saturation is high, and
symmetric resonators can yield near optimum power in these cases.
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Nomenclature
= mirror absorptivity
= °/eP
= initial atomic fluorine concentration (mole/cc)
= gain per semichannel [Eg. (3)]
= zero-order solution for G [Eq. (19a)]
= normalized gain per semichannel [G/(<7w[F]0)]
= local gain, <r([HF J - [HFJ) (cm'1)
— net local intensity /+ +/~ (w/cm2)
= intensity in -I- y and — y directions, respectively
= incident and reflected intensity, respectively, at mirror

(Fig. 3)
= average intensity in gain medium [Eq. (8c)j
= BI2

+/kCd
= 1 or 2 for cylindrical or spherical mirrors, respectively
- *//**
= forward pumping rate, collisional deactivation rate (s J)
= mirror magnification
= number of semichannels
= output power per unit cavity height (w/cm)
= normalized output power 2P/(epuwnsc[F]0)
= upstream and downstream output power, respectively
= mirror reflection coefficients [Eqs. (8)]
= flow velocity (cm/sec)
= semichannel width (cm)
= stream wise distance from nozzle exit (Fig. 1)
= cavity centerline location
= diffusion distance, i.e., yf(xD) = w
= distance parallel to cavity axis (Figs. 1 and 2)
= l+(2B/av//cCd)
= maximum possible net gain 0"w[F]0nsc
= perturbation parameter M— 1 or M~1

= energy per mole of photons (J/mole)
= xkju
= ray intercept points (Fig. 4)
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£c = cavity centerline location xc kcju
£e = downstream end of cavity xe kcju
£s = downstream end of cavity for saturated laser with maxi-

mum possible output xs kcju
r]r = resonator efficiency P/PS
a = stimulated emission cross-section (cm2/mole)
</> = Eqs. (6) and (Al)

Subscripts
0 = upstream of flame sheet or integration variable
0,1 = zero order, first order, respectively
1,2 = mirror 1, mirror 2, respectively
C = value at xc
s = value for saturated laser

I. Introduction

UNSTABLE optical resonators have been proposed by
Siegman1'2 for extracting energy from high-power lasers.

A review of unstable optical resonator theory has been pre-
sented by Anan'ev.3 Most of the theoretical studies of these
resonators, to date, have been concerned with "empty cavities"
or with a nonflowing gain medium. The effect of fluid flow is
of critical importance, however, when analyzing the optical
performance of cw chemical4 or gasdynamic lasers.5 Hence, a
study of the interaction between an unstable resonator and a
cw diffusion-type chemical laser flow medium was undertaken.
The results are reported herein.

The primary objective of the present study is to determine
the effect of the optical resonator magnification and centerline
location on the near-field output power from a cw chemical
laser. Geometric optics are used. The flowing gain medium is
assumed to be adjacent to one of the resonator mirrors. Analytic
solutions are obtained in the limits M —> 1 and M > 1, where
M is cavity magnification. Effects of resonator and laser medium
parameters on laser output power are then discussed. Turbulent
diffusion is considered in the body of the report, and laminar
diffusion is considered in the Appendix.

II. Analysis
A cw diffusion-type HF chemical laser that employs an

unstable optical resonator is shown in Fig. 1. Multiple nozzles
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a) TOP VIEW (z = 0)
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b) END VIEW (y = 0)

Fig. 1 Diffusion-type chemical laser with unstable resonator.

are used to expand an He-F mixture to a series of supersonic
jets. Smaller scale nozzles expand H2 into jets that diffuse
laterally into the He-F streams. The reaction between H2 and
F [shaded region in Fig. la] creates vibrationally excited HF
that lases in the optical cavity. The present coordinate system
is also shown in Fig. 1. The center line of the optical resonator
is at x = xc in the z = 0 plane. For cylindrical optics (j = 1),
the present solution will apply for (—h/2) :g z ^ (/i/2), where h
is nozzle height, while for spherical optics (j = 2), the present
solution will apply for z = 0. In the following sections, a simplified
model of the laser medium is discussed, a geometric model of
the optical resonator is described, and analytic solutions for
laser output power are given.

A. Simplified Model of Lasing Medium
The simplified diffusion laser model described in Ref. 6 is used.

A single semichannel of the reactive flow is shown in Fig. 2.
The reactants are assumed to be premixed but do not start to
react until they reach a flame sheet location defined by
yf = yf(x) for x ^ XD and yf = w for x > XD. Here, w is the
nozzle exit semiwidth, and XD is the diffusion distance and
denotes the axial station where the flame sheet reaches the
centerline of the He-F flow. Lateral diffusion of the reactants
and products across streamtubes is neglected [the main effect
of diffusion being accounted for by the choice for y/(x)].

A two-level vibrational model is adopted. The local gain is
g = <r([HFM] — [HFj]) (cm"1), where a is the cross section for
stimulated emission or absorption (cm2/mole), while [HFU] and
[HFJ are the concentrations (mole/cm3) of HF in the upper

yf - y, (

1
^

A '/ \
/ ,<V*o>
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(x,y0) ,
x,x.

__ F, H2, H,

Fig. 2 Simplified model of mixing region. (Single semichannel is
shown.)

and lower vibrational levels, respectively. The differential
equation for the distribution of HFU along each streamtube can
be expressed by

u ̂ p = ^[F] - /cjHFJ - B/([HF J - [HFJ) (1)

where I = I++I~ is the net local lasing intensity (w/cm2),
otons (J/m
(1) represents the

B = 0/ep, and sp is the energy per mole of photons (J/mole). The
first term on the right-hand side of Eq.
creation of HFH by the pumping reaction

while the second and third terms represent deactivation by
collisions

and by stimulated emission, respectively. The rates kf and kCd are
in units of s"1, and mean values are used. Consideration of
the mass conservation law [F]0 = [Fj + fHFj + fHFi], where
[F]0 is the initial concentration of F, and the assumption that
kf is constant permits Eq. (1) to be written in the form

d

(2a)
where

C = xkju; Co = xokeju; K1 = kf/kCd (2b)
Equation (2a) defines the variation of gain with x along a stream-
tube with ordinate y0 that intersects the flame sheet at (x0,^o)-
The quantity C is the ratio of stream wise distance x to the
characteristic collisional deactivation distance u/kCd and generally
is of order 1. Henceforth, C will be used instead of x to denote
stream wise distance. The quantity K1 is the ratio of the pumping
rate to the collisional deactivation rate and is generally large.

The net gain per semichannel is
p

= Jo
(3)

An expression for G can be found by the integration of Eq. (2a)
with respect to y0 between the limits 0 ̂  y0 ^ )>/(C)- The varia-
tion of / with y is neglected, and an average value /av is
used,t where /av is a function of f . Integration of Eq. (2a) then
yields

if"% (4a)

where

(4b)G=G/(<rw[F]o)
a=l+(2BIJkCd)

The quantity G is the ratio of G to the maximum possible value
of G. The quantity a — 1 is a measure of optical saturation.6

To simplify the development, the flame sheet is assumed to
have the form

yf = Ax = (w/Cz>)C (C ̂  CD) (5)
where A is a constant of order 0.1. Equation (5) corresponds to
turbulent mixing, t It follows that y0 = (w/C/>)Co and dy0 =
(W/CD) dCo- Equation (4a) becomes

dG/WC + aG = (/> (6)
where

t The local lasing intensity / determines the rate at which HFU is
deactivated by stimulated emission. Use of an average value of / is
consistent with the use of a mean value of kCd.

J More generally, yf ~ x*, where N — 1 or ^ for turbulent or
laminar mixing, respectively.
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MIRROR 2
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NET GAIN REGION

Fig. 3 Amplification of incident radiation by gain region adjacent to
mirror 2.

The initial condition is G(0) — 0. When a is constant, integration
ofEq.(6)forC^Ci>yields

aC-l + iT*

In the following development, only the case f ^ fD is considered.
Equation (6) defines the conditions along each of the semi-

channels in Fig. 1. The integration of Eq. (6) is difficult, in
general, since a varies with £ as well as with semichannel
location, and the interaction with the optical resonator must
be considered. A simplified treatment of the multiple semi-
channel gain region follows.

R Reflection Coefficients
Expressions for the ratio of reflected to incident radiation at

each mirror are obtained. The gain region is assumed to be
adjacent to mirror 2 (Fig. 3). «sc is the number of semichannels.
The net width of the gain region is w«sc, which is assumed to
be small compared with the distance between the mirrors. I2

 +

denotes the intensity of the radiation incident on the gain region.
The reflected radiation, from the gain-mirror combination, is
J2~. It is assumed that at each streamwise station the net gain
per semichannel G is the same for each semichannel. The average
value of the local gain at each streamwise station is then
0av = G/w, and the net gain at each station is

where y = o-w[F]0«sc is a measure of the maximum possible
net gain. It follows that /+ and /" increase exponentially in the
+y and — y directions, respectively. Thus, I+/I2

+ — eg^y and
J~//2~ = e~g**y. The ratio of reflected to incident radiation is
then

D — y — IT + _ / j _ \ ^»2yG /o{, \i\2 = .12 /-*2 — \L ~~ U2) <£ \""v

where a2 is the absorption coefficient at the surface of mirror 2.§
The corresponding expression for the reflection coefficient at
mirror 1 is

R1 = (l-fll) (8b)
The average value of net local intensity is defined by

_ f
Integration yields

^ (8c)
Equation (8c) provides the average value of intensity for use in
Eq. (6). The present estimate for /av conserves energy. This is
seen by writing Eq. (8c) in the form

Here, the left-hand side is the net power (per unit mirror area)
generated by stimulated emission. The first term on the right-
hand side is the net power leaving the gain region, while the
second term is the power absorbed by the mirror.
_In the present method of solution for R2, it is assumed that
G is the_same in each semichannel. This assumption is exact
when yG <^ 1, regardless of the degree of saturation a— 1. The
assumption is also exact in the limits a — 1 and a -» oo for

arbitrary values of yG. The solution forj?2> however, is approxi-
mate for intermediate values of a and yG not small. The present
approach is considerably simpler than alternative approaches
in which the variation of G is considered and is consistent
with the approximate nature of the present model.

When yG ̂  1, Eqs. (8a) and (8c) become
2] (9a)

(9b)
This "small gain" approximation is frequently used in studies of
stable cavities7 but cannot be used in studies of unstable
resonators with large magnification since large values of yG are
needed to reach the threshold condition, as will be shown.

C. Geometric Model of Unstable Resonator
An unstable resonator with the gain region adjacent to mirror 2

is shown in Fig. 4. The upstream edge of mirror 2 is assumed
to be located at the nozzle exit at £ = 0. The axis of the
resonator is at fc, and the downstream edge of mirror 2 is at f e.
The resonator need not be symmetric about fc. Cylindrical
(j — 1) and spherical (j = 2) mirrors are considered.

In the geometric model of the unstable resonator, the radiation
reflected from each mirror appears to originate from a virtual
center on the resonator axis.1 The location of the virtual center
for each mirror depends on the mirror radii and their separation.
It follows that stimulated emission can be assumed to commence
in the vicinity of the axis and then diverge outward. A typical
radiation path is indicated in Fig. 4.

An expression is derived that relates the intensity of an
arbitrary ray at two successive interceptions with mirror 2, i.e.,
at C* and £ in Fig. 4. The intercept with mirror 1 is denoted
£**. (For a confocal system, £* — £**, and /~ is parallel to the
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§ For partially transmitting mirrors, a2 is replaced by a2 +12, where
t2 is transmissivity.
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Fig. 4 Unstable resonator geometry and notation.
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resonator axis.) Note that C~ Cc denotes the distance of point C
from the resonator axis. A property of an unstable resonator1

is that
(C-Cc)/(C*-Cc) = M (10)

where M is the round-trip magnification, and its value also
depends on the mirror radii and their separation. From con-
servation of energy, it can be shown that the intensity of the
radiation at mirrors 1 and 2 is related by

/r(C**)//2~(C*) = K*-Cc)/(C**-Cc)]j (lla)
/2+(C)/V(C**) = [(C**-Cc)/(C-Cc)P" (lib)

Assume that Rt is constant.^ It follows from Eqs. (9-11) that
the intensity at C* and C are related by

J(C) = RiR2(t*)J(t*)/M3 (12a)
C-Cc = M(C*-Cc) (12b)

where J = BI2
+/kCd. Evaluation of Eq. (12a) at Cc and the use of

Eqs. (8a) and (8b) indicate
2yG(Cc) = In {Af> /[(I - fll)(l - «2)]} (13)

Equation (13) provides an additional boundary condition on
G (for later use) and expresses the fact that the net gain at
Cc equals the net losses resulting from mirror absorption_and
beam divergence. As previously stated, large values of yG are
needed when MJ is large.

Equation (12) can be viewed as a parametric equation (with
C* as the parameter) relating J with f . The simultaneous solution
of Eqs. (6) and (12) for the variation of J and G with C defines
the performance of an unstable resonator. The solution is valid
for all z when j = 1 and is valid for z = 0 when j = 2.

D. Output Power
Expressions for laser output power are deduced. P denotes the

net output power per unit nozzle height. In the present two-level
model, the maximum possible output power per unit height from
the reactants is £pttWHsC[F]0/2, which corresponds to one photon
being emitted for every two molecules of HFM formed by the
pumping reaction. The latter power is obtained when the lasing
medium is saturated and when mirror losses and collisional
deactivation effects are negligible. Introduce P such that

P = = 2BP/yu (14)
Thus, P is the ratio of actual output power to the maximum
possible power and is a measure of laser chemical efficiency.

Resonator output power can be found by either of two
approaches. In an edge-coupled resonator, the radiation reflected
from regions 0 ̂  C ^ [(M- 1)/M]£C and [Ce+(M- l)Cc]/M g
C = Ce on mirror 2 is extracted from the cavity and constitutes
the laser output. These limits are deduced by setting C = 0, Ce
in Eq. (12b), and solving for C*. The net output power is then

- D/MKCf[(

JO [£e+(M-l)Cc]/M_

= Pu^Pd (15)
where Pu and Pd represent the power coupled out of the upstream
and downstream edges of the resonator, respectively.

The net output power can also be found by evaluating the
power generated in the gain region

PG = GLvdx

and subtracting from this the power absorbed by the mirrors.
Thus,

PG = G/yu = eG(x-
Jo

= l%#-P'G#-(
Jo Jo

(16a)

11 More generally, ̂  = JRi(C**)in (12a), and C** is related to C by the
magnification in going from mirror 1 to mirror 2.

where ̂ q. (6) and the boundary condition G(0) = 0 have been
used. PG increases as the degree of saturation increase, i.e., as
G —>• 0. From the definition of (j), for C ̂  CD»

fS.,r !f4>dC = — iJo CcL -^ d6b)

The power generated in the upstream and downstream portions
of the resonator are found by evaluating Eq. (16a) between the
limits 0 to Cc an<3 Cc to £e, respectively. The power absorbed
on mirror 2 is

fc*
(17)

Jo
A similar expression can be deduced for mirror 1.
_ When the medium is optically saturated, G -> 0, /av -> oo, and
G/av remains finite. The length of the lasing region, in this limit,
is Cs and is found by setting </> = 0. The result is

^(l+Kr'Hl-*-^-) (18a)
The corresponding net output power, from the gain medium, is
found by setting G = 0 in Eq. (16a) and equals

CD?s = Cs-(Cs
2/2) (18b)

This is the maximum possible power thatjcan be extracted from
the lasing medium. Values of (s and CD Ps are given in Table 1
as a function of K^.

A "resonator efficiency" can be defined such that
1r = P/P, (18c)

The equantity rjr is the ratio of the actual laser output power
to the output power, which is obtained when the medium is
saturated.

£. Scaling Laws
Unstable resonator performance is obtained by the simultane-

ous solution of Eqs. (6) and (12) with the aid of Eqs. (8) and (13).
Numerical solutions are required in general. However, analytic
solutions can be obtained for special cases. Discussion of some
of these is given later.

This system of equations also defines the scaling laws and
parameters for the unstable resonator-chemical laser combina-
tion. The dependent variables yG and J are functions of the
independent variable f, and the parameters aif a2, Klf M, fc,
£D, and 7. For £ g £D, £D and y appear only in the form y/£D.
When Ce ̂  CD, the quantity y/£D is a measure of the maximum
possible net zero power gain including diffusion effects. yG =_G/%C
is the net gain at each axial station. The output power yP is a
function of £e as well as the above_parameters. For ^e ̂  £D, the
saturated laser output power £DPS is a function only of K^
(Table 1).

The resonator can be shown to be saturated when, for
Ce^Cl),

(G>/y) In [M'(1 - fll)- \l - a2)~'] < 1
The left-hand side is, roughly, the ratio of power-on gain, from
Eq. (13), to zero-power gain. The latter, from Eq. (6), is
^ = 0(C/)~1). The previous expressions apply for turbulent
mixing. For laminar mixing, CD is replaced by CDI/:Z (Appendix A).

F. Analytic Solutions
Analytic solutions have been obtained in the limits of magni-

fication near one M— 1 = £ <O and large magnification
M~1 = e <^ 1. Discussions of these solutions follow. It is assumed
that C e^ CD-

Table 1 Output power and lasing length for saturated laser with
CD ^ C/

106 102 10 2.5 1.0

C s_ 1.000 1.010 1.100 1.197 1.352 1.594
CDPS 0.500 0.500 0.495 0.481 0.438 0.324

a From Eq. (18).
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The dependent variables are expressed in the forms
G = £G0[1+0(£)] (19a)

J = (Jo/e)[l + 0(fi)] (19b)
where G0 and J0 are functions of (. The superscript bar has
been omitted from G0. From Eqs. (3) and (13), the boundary
conditions on G0 are

G0(0) = 0 (20a)
G0(Cc)=772y (20b)

Substitution into Eq. (6) yields
J0G0 = W>/4)[l+0(e)] (21)

For convenience, the notation for points ( and f * are reversed
in Fig. 4, and Eq. (12) becomes

./(C*) = R2(W(Q/M' (22a)
C*-C = e(C~Cc) (22b)

£* — C is of order ^. Thus, the axial separation of successive inter-
cepts of a ray with mirror 2 is small. J(C*) can be expressed in
terms of J(C), and its derivatives by a Taylor expansion about £.
The result, from Eq. (22b), is

J(C*) = J(Q +J'(C)(C-Cc)£+0(£2) (23)
where the primes denote differentiation with respect to f. Sub-
stitution into Eq. (22a) yields

Ji>K- Cc) + /J0 = 2yG0J0[l + 0(e) + 0te/e)] (24)
where it is assumed that a = 0(e2). Equations (21) and (24) along
with the boundary conditions in Eq. (20) define the zero-order
solution. Substitution of Eqs. (21) and (24) and integration
between the limits £ and (c yield

7+1

(25a)

(25b)
which satisfy the boundary conditions on G0(0) and G0(Cc)-

GO and J0 can be used to find the output power to first order.
For a! = a2 = 0(s2), the output power can be expressed

where P0 is the zero-order output power, P^ the decrement in
output power due to decreased saturation as M departs from 1,
and Pa is the power lost by mirror absorption. In the present
limit, both mirrors have the same absorption, and the net
absorption equals twice the value indicated by Eq. (17). From
Eq. (16) and (17),

T/1 T, -dr e~K^\ C2T=Cc
= (I+K! I)K + -TT- -^r

L \ KI J 2 _lc=o

fCe

= Go
Jo

f'
Jo

(27a)
(27b)

(27c)

(27d)

(27e)

The net zero-order power P0 is independent of j and fc> and,
for £e = £s, equals the saturated output power Ps given by
Eq. (18b). The optical efficiency of the resonator is obtained
from

(l-^)/e = F1+(a/£2)Ffl (27f)
These results can be illustrated by the consideration of K± -> oo,
^e = £s = l, and 0 < Cc < I- It is found that

(2Ci>M/o - [(7 +1)-Cc-7C]/[7(7+1)] (28a)

2yG0 = [7(7+ i)(i-0]/[0'+1)-CcC-jC] (C ̂  0) (28b)
(28c)
(28d)
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Fig. 5 Unstable resonator performance in limit M — 1<O, KI-+OO,
0 < Cc < 1, and CD ^ Cc = 1 (Eq. 28). a) Zero-order gain in interval
0 < C < 1- (G0(0) = -0); b) Zero-order incident and reflected intensity in
interval 0 ^ C ̂  1; c) Zero-order output; d) Resonator efficiency decre-

ment in absence of mirror absorption [a = 0(g)3].
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(28e)
•(28f)

Table 2 Optimum resonator length and resonator efficiency as function
of Jc for case M'1 < 1, K± -> oo, y/CD = 10, and Cc ̂  CD [Eqs. (32),

(16), and (18)]

(28h)
Equation (28) is plotted in Fig. 5. The gain G0 approaches a
maximum as f -» 0 for all 0 < £c < 1 (Fig. 5a). The resonator
becomes more saturated as £c -*> 0. Hence, G0 decreases and J
increases (Fig. 5b) as Cc ~* 0. The ratio of upstream to down-
stream power extraction also decreases as f c -> 0 (Fig. 5c). With
mirror absorption neglected, laser output power increases with
decrease in e, (c, and j (Fig. 5d). However, mirror absorption
losses also increase with a decrease in e. Hence, for a given
value of mirror absorptivity, there is a corresponding value of s
that yields a maximum output power. When Xj -> oo, the
optimum value of e is, from Eqs. (27e), (28g), and (28h),

Since it has been assumed that a/e2 = 0(1), it follows that
Eq. (29) is applicable when CD/? = 0(1).

2) Case M~l = s <U
£* and £ are successive interceptions of a ray with mirror 2

as indicated in Fig. 4. From Eq. (12), conditions at £* and f are
related by

J(0 = fi%(C*y(f*) (30a)
C-Cc = £"1(C*-0 (30b)

C * — Cc is of order e for ( — £c of order one. Thus, all rays striking
mirror 2 originate in the vicinity of the optical axis fc, as expected
physically, for large M. Expansion of K2(C*) and J(C*) in a Taylor
series about £c, substitution in Eq. (30), and collection of terms
of order e° yield

J(0 = ^c[l + 0(£) + 0(a1)] (31)
where Jc = J(Cc) and a{ ^ 0(e) is assumed. Thus, the incident
radiation on mirror 2 is uniform to zero order and can be
shown to be a linear function of £ to first order. The evaluation
of the constant on the right-hand side of Eq. (31) requires con-
sideration of Eq. (6). The latter becomes

dG/d£ + G + (2Jc/y) e^G [1+0(£)] - </> (32)
Analytic solutions can be found for special cases. The zero output
power solution, i.e., Jc = 0, is given by Eq. (7) with a = 1. For a
saturated medium, i.e., (£D/y) In Af7 <^ 1, the first two terms on the
left-hand side of Eq. (32) are negligible. Equations (32) and (13)
then yield

2yG - In {(Afty/0c)[l +0(e)+0(6, y~1 In Af]} (33a)
J = [y^/(2M^][l+0(e)+OKl,y-1 InM')] (33b)

where </>c = (/>((c). The corresponding output power is obtained
from Eq. (16a) with G = 0. The ratio of power absorbed by the
mirror to laser output power is of order a2sj/2.

Equation (32) has been integrated for K± -* oo, y/£D = 10, and
various values of Jc to illustrate the M"1 <^ 1 results. The
variation of gain and of reflected intensity with £ is given in
Fig. 6. Permissible values of fc, for a given M, can be deduced
from Fig. 6a. The procedure is shown in Fig. 6a for case
j = l 5 M-42.3, i.e, yGc - 2"1 InM = 1.87. For this case,
lasing occurs for all 0.24 < Cc < 1-23. For each (c, the corre-
sponding value of Jc can be deduced from Fig. 6, and the
corresponding optimum cavity length fe, i.e., G(Ce) = 0, and
resonator efficiency can be found from Table 2. The resonator
efficiency is a maximum when Jc has its maximum possible
value. This occurs when fc is located^such that the power-on
gain curve has a maximum at f c, i.e., G'(Cc) = 0. For M = 42.3;
KI -» oo, y/£D =10, the optimum cavity centerline location is at
Cc = 0.40, and the corresponding value of Jc is 0.05. The optimum
cavity length is £c = 1.39, and the resonator efficiency is 0.50

Jcc.
nr

0
1.59
0

0.005
1.52
0.21

0.01
1.49
0.29

0.02
1.45
0.38

0.05
1.39
0.50

0.10
1.34
0.59

0.20
1.29
0.69

0.60
1.19
0.82

1.00
1.15
0.87

2.00
1.10
0.92

(Table 2). The optimum cavity for M = 423 is nonsymmetrical
since Ce ̂  2£c. When the degree of saturation is high, the output
power is less sensitive to the location of £c and a symmetric
resonator with (e = £s and £c = Cs/2 can be used. The present
conclusions regarding optimum Cc location agree with those
deduced for M-l <^ 1, with mirror absorption neglected, and
appear to apply for all M.

III. Conclusions
The geometric optics approximation used here is valid for

resonators with large equivalent Fresnel numbers.8 For a
confocal unstable resonator, the equivalent Fresnel number is
NEQ = (w2

2/^)[(M-l)/M], where w2 is the half-width of the
larger mirror, A is the wavelength, and L is the separation

LOCUS OF POSSIBLE £c LOCATIONS FOR j = 1,

M = 42.3, i.e.,r6c = 2"1 In M = 1.87-

^-LOCUS OF OPTIMUM £c LOCATIONS

0.0

a.)

Fig. 6 Variation of gain and reflected intensity with f for case M 1 ^ 1,
Kj -» oo, y/CD = 10, a = 0(e), and CD ^ Ce [Efl- (32)] : a) Gain

distribution; b) Reflected intensity R2J = BI2~/kCd.
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distance between the mirrors. For typical kilowatt-level HF(DF)
chemical lasers,4'9 w2 = 4, /I = 3 x 1(T4, L = 102 cm, and
NEQ = 500(M -1)/M. Hence, NEQ is large for all M except M very
close to one, and the geometric optics model is generally valid.

A numerical computer code describing the performance of a
chemical laser-unstable resonator combination has been
developed by Bullock.10 In this code, physical optics, multiple
vibrational levels, and more complex chemical kinetics than used
here are used. The small-gain approximation Eq. (9) is used, but
this can be easily modified. Numerical codes of this type have
the potential of providing accurate estimates of chemical laser
performance. The merit of the present approach is that the
basic parameters are identified, the dependence of resonator
performance on these parameters is established, and analytic
solutions can be obtained for special cases. A comparison with
Ref. 10 is beyond the scope of the present study.

Appendix: Laminar Mixing
The effect of laminar mixing on unstable resonator perfor-

mance is briefly discussed herein for the case CD ^ f *• The
flame-sheet location is of the form yf ~ x1/2. The streamwise
distribution of gain is found from Eq. (6) with

(K^DY'2(t> = (l+K^HKiO1'2]-^^1'2 (Al)
where

When; = 1, the result for J0 is
y I (1 _l_ IS . "I

D(Z) EE fJo
is the Dawson integral. Analytical solutions have been obtained
for the limiting case M -> 1 and M -> oo.

A. CaseM-l=e<O
Equations (21) and (24) are unchanged except for the re-

definition of </>. The medium is saturated, to zero order, and the
extent of the lasing zone is found from </>(Q = 0, or

(XiQ1/2 = (1 + K1)/)[(K1Q1/2] (A2)
The limit K^ -> oo is obtained by noting D[(XiC)1/2] ->
POI^O1'2]'1 as K!->OO, C ^ O . In this limit, £s = 1/2. The
zero-order output power for £e = £s is

(A3a)
(A3b)

and GO = </>/(4./o)

R

(A4)

The zero-power solution is

(A5)

= 21/2/3

The medium is saturated when £D
1/2y~1 In Mj ^ 1. Equation (33)

applies except for the redefinition of (/>.

References
1 Siegman, A. E., "Unstable Optical Resonators for Laser Applica-

tions," Proceedings of the IEEE, Vol. 53, March 1965, pp. 277-287.
2 Siegman, A. E. and Arrathoon, R. W., "Modes in Unstable Optical

Resonators and Lens Waveguides," IEEE Journal of Quantum
Electronics, Vol. QE-3, April 1967, p. 156.

3 Anan'ev, Y. A., "Unstable Resonators and Their Applications
(Review)," Soviet Journal of Quantum Electronics, Vol. 1, May-June
1972, pp. 565-585.

4 Chodzko, R. A., Mirels, H., Roehrs, F. S., and Pedersen, R. J.,
"Application of a Single-Frequency Unstable Cavity to a cw HF
Laser," IEEE Journal of Quantum Electronics, Vol. QE-9, May 1973,
pp. 523-530.

5 Locke, E. V., Hella, R., and Westra, L., "Performance of an
Unstable Oscillator on a 30 kW Gas Dynamic Laser," IEEE Journal
of Quantum Electronics, Vol. QE-7, Dec. 1971, pp. 581-583.

6 Mirels, H., Hofland, R., and King, W. S., "Simplified Model of
cw Diffusion Type Chemical Laser," AIAA Journal, Vol. 11, Feb. 1973,
pp. 156-164.

7 Fox, A. G. and Li, T., "Effect of Gain Saturation on the Oscillating
Modes of Optical Masers," IEEE Journal of Quantum Electronics,
Vol. QE-2, Dec. 1966, pp. 774-783.

8 Sherstobitov, V. E. and Vinokurov, G. N., "Properties of Unstable
Resonators with Large Equivalent Fresnel Numbers," Soviet Journal
of Quantum Electronics, Vol. 2, Nov.-Dec. 1972, pp. 224-229.

9 Spencer, D. J., Mirels, H. and Durran, D. A., "Performance of
CW HF Chemical Laser with N2 or He Diluent," Journal of Applied
Physics, Vol. 43, March 1972, pp. 1151-1157.

10 Bullock, D. L., Wagner, R. J, and Lipkis, R. S., "New Unstable
Resonator Program," Final Rept. 00173-2-006447, Nov. 1973, Naval
Research Lab., Washington, D.C.


